
engines.
lgorithms
at have

ocesses.
algorithm
individu-
esting and
t engines
without the
those of
s.
International Journal of Thermal Sciences 44 (2005) 1061–1071
www.elsevier.com/locate/ijts

Thermodynamic Pareto optimization of turbojet engines using
multi-objective genetic algorithms

K. Atashkaria, N. Nariman-Zadeha,∗, A. Pilechia, A. Jamalia, X. Yaob

a Department of Mechanical Engineering, Engineering Faculty, The University of Guilan, PO Box 3756, Rasht, Iran
b School of Computer Science, The University of Birmingham, Edgbaston, Birmingham B15 2TT, UK

Received 13 July 2004; received in revised form 3 March 2005; accepted 24 March 2005

Available online 3 June 2005

Abstract

Multi-objective genetic algorithms (GAs) are used for Pareto approach optimization of thermodynamic cycle of ideal turbojet
On this behalf, a new diversity preserving algorithm is proposed to enhance the performance of multi-objective evolutionary a
(MOEAs) in optimization problems with more than two objective functions. The important conflicting thermodynamic objectives th
been considered in this work are, namely, specific thrust (ST), thrust-specific fuel consumption (TSFC), propulsive efficiency (ηp), and ther-
mal efficiency (ηt ). In this paper, different pairs of these objective functions have been selected for two-objective optimization pr
Moreover, these objectives have also been considered for a four-objective optimization problem using the new diversity preserving
of this work. The comparison results demonstrate the superiority of the new algorithm in preserving the diversity of non-dominated
als and the quality of Pareto fronts in both two-objective and 4-objective optimization processes. Further, it is shown that some inter
important relationships among optimal objective functions and decision variables involved in the thermodynamic cycle of turboje
can be discovered consequently. Such important relationships as useful optimal design principles would not have been obtained
use of a multi-objective optimization approach. It is also demonstrated that the results of four-objective optimization can include
two-objective optimization and, therefore, provide more choices for optimal design of thermodynamic cycle of ideal turbojet engine
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Optimization in engineering design has always been
great importance and interest particularly in solving co
plex real-world design problems. Basically, the optimizat
process is defined as finding a set of values for a vecto
design variables so that it leads to an optimum value o
objective or cost function. In such single-objective optimi
tion problems, there may or may not exist some constr
functions on the design variables and they are respect
referred to as constrained or unconstrained optimiza
problems. There are many calculus-based methods inc
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ing gradient approaches to search for mostly local optim
solutions and these are well documented in [1,2]. Howe
some basic difficulties in the gradient methods such as
strong dependence on the initial guess can cause the
find a local optimum rather than a global one. This h
led to other heuristic optimization methods, particularly
netic algorithms (GAs) being used extensively during
last decade. Such nature-inspired evolutionary algorithm
4] differ from other traditional calculus based techniqu
The main difference is that GAs work with a populati
of candidate solutions, not a single point in search sp
This helps significantly to avoid being trapped in local o
tima [5] as long as the diversity of the population is w
preserved. In multi-objective optimization problems, th
are several objective or cost functions (a vector of ob
tives) to be optimized (minimized or maximized) simul
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Nomenclature

M0 flight Mach number
T0 inlet temperature . . . . . . . . . . . . . . . . . . . . . . . . . K
a0 velocity of sound at inlet . . . . . . . . . . . . . . m·s−1

ṁ0 mass flow rate . . . . . . . . . . . . . . . . . . . . . . . kg·s−1

R gas constants. . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

gc Newton’s constant . . . . . . . . . . . . kg-m·(N-s2)−1

V0 air velocity at inlet . . . . . . . . . . . . . . . . . . . . m·s−1

V9 gas velocity at exit . . . . . . . . . . . . . . . . . . . . m·s−1

hPR heating value . . . . . . . . . . . . . . . . . . . . . . . kJ·kg−1

γ ratio of specific heats
CP specific heat at constant pressure . kJ·kg−1·K−1

Tt4 burner exit total temperature . . . . . . . . . . . . . . . K
πc compressor pressure ratio
τc compressor exit total temperature/compressor

inlet total temperature

τr total static temperature ratio at inlet
τt burner exit/inlet total temperature ratio
τλ burner exit total enthalpy/inlet total enthalpy
f fuel/air ratio
F thrust . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
ST specific thrust (F/ṁ0)
TSFC thrust-specific fuel consumption
ηP propulsive efficiency
ηT thermal efficiency
X∗ vector of optimal design variables
F(X) vector of objective functions
P∗ Pareto set (set of decision variables)
PF∗ Pareto front (set of objective functions)
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neously. These objectives often conflict with each othe
that as one objective function improves, another deteriora
Therefore, there is no single optimal solution that is b
with respect to all the objective functions. Instead, ther
a set of optimal solutions, well-known as Pareto optimal
lutions [6–9], which distinguishes significantly the inhere
natures between single-objective and multi-objective o
mization problems. V. Pareto (1848–1923) was the Fren
Italian economist who first developed the concept of mu
objective optimization in economics [10]. The concept
a Pareto front in the space of objective functions in mu
objective optimization problems (MOPs) stands for a se
solutions that are non-dominated to each other but are s
rior to the rest of solutions in the search space. Eviden
changing the vector of design variables in such a Pareto
timal solutions consisting of these non-dominated soluti
would not lead to the improvement of all objectives simu
neously. Consequently, such change leads to a deterior
of at least one objective to an inferior one. Thus, each s
tion of the Pareto set includes at least one objective infe
to that of another solution in that Pareto set, although b
are superior to others in the rest of search space. Th
herent parallelism in evolutionary algorithms makes th
suitably eligible for solving MOPs. The early use of evo
tionary search is first reported in 1960s by Rosenberg [
Since then, there has been a growing interest in devi
different evolutionary algorithms for MOPs. Among the
methods, the vector evaluated genetic algorithm (VEG
proposed by Schaffer [12], Fonseca and Fleming’s gen
algorithm (FFGA) [7], non-dominated sorting genetic
gorithm (NSGA) by Srinivas and Deb [6], and streng
Pareto evolutionary algorithm (SPEA) by Zitzler and Thi
[13], and the Pareto archived evolution strategy (PAES
Knowles and Corne [14] are the most important ones. A v
good and comprehensive survey of these methods has
presented in [15–17]. Coello [18] has also presented an
.

-

n

n

ternet based collection of many papers as a very good
easily accessible literature resource. Basically, both NS
and FFGA as Pareto-based approaches use the revolu
ary non-dominated sorting procedure originally proposed
Goldberg [3]. There are two important issues that hav
be considered in such evolutionary multi-objective optimi
tion methods: driving the search towards the true Par
optimal set or front and preventing premature converge
or maintaining the genetic diversity within the populati
[19]. The lack of elitism was also a motivation for modi
cation of that algorithm to NSGA-II [20] in which a direc
elitist mechanism, instead of a sharing mechanism, has
introduced to enhance the population diversity. This mo
fied algorithm represents the state-of-the-art in evolution
MOPs [21]. A comparison study among SPEA and ot
evolutionary algorithms on several problems and test fu
tions showed that SPEA clearly outperforms the other m
objective EAs [22]. Some further investigations reported
reference [19] demonstrated, however, that the elitist v
ant of NSGA (NSGA-II) equals the performance of SPE
Despite its popularity and effectiveness, NSGA-II has so
drawbacks that have been accordingly modified in this pa
and will be presented in the following sections.

In thermal systems, like many other real-world engine
ing design problems, there are many complex optimisa
design problems [23] which can also be multi-objective
nature. The objectives in thermal systems are usually
flicting and non-commensurable, and thus Pareto solut
provide more insights into the competing objectives. R
cently, there has been a growing interest in evolution
Pareto optimization in thermal systems. A thermoecono
analysis has been performed by Toffolo and Lazzaretto
in which two exergic and economic issues in a cogen
tion power plant have been considered as conflicting
jectives. A similar point of view has also been conside
by Wright et al. [25] in a multi-criterion optimization of
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thermal design problem for a building. A monetary mu
objective optimization of a combined cycle power syst
has been studied by Roosen et al. [26]. An application
GA for thermodynamic optimization of turbofan engin
has been performed by Homaifar et al. [27]. This study
cludes a single-objective optimization by GA for two o
jectives, namely, specific thrust and overall efficiency. T
combined the results of the single-objective optimization
find the interactions of the objective functions in a mu
objective sense.

In this paper, an optimal set of design variables in
bojet engines, namely, the input flight Mach numberMo,
the pressure ratio of the compressorπc, and the turbine in-
let temperatureT4t are found using a Pareto approach
multi-objective optimization. In this study, different pairs
conflicting objectives in an ideal subsonic turbojet engi
are selected for optimization. These include some com
nations of thermal efficiency (ηt ) and propulsive efficiency
(ηp) together with thrust-specific fuel consumption (TSFC)
and specific thrust (ST). In this way, a new diversity pre
serving algorithm calledε-elimination diversity algorithm is
proposed to enhance the performance of NSGA-II in te
of diversity of population and Pareto fronts. The modifi
algorithm can be used for multi-objective optimization w
more than two objectives. Consequently, four-objective
timization of turbojet engines is conducted consideringηt ,
ηp, TSFC, andST as competing objectives. The superi
ity of the ε-elimination diversity preserving mechanism
shown, compared to that of NSGA-II.

2. Multi-objective optimization

Multi-objective optimization, which is also called mu
ticriteria optimization or vector optimization, has been d
fined as finding a vector of decision variables satisfying c
straints to give acceptable values to all objective functi
[8,28]. In general, it can be mathematically defined as:
the vectorX∗ = [x∗

1, x∗
2, . . . , x∗

n]T to optimize

F(X) = [
f1(X),f2(X), . . . , fk(X)

]T (1)

subject tom inequality constraints

gi(X) � 0, i = 1, . . . ,m (2)

andp equality constraints

hj (X) = 0, j = 1, . . . , p (3)

where X∗ ∈ �n is the vector of decision or design va
ables, andF(X) ∈ �k is the vector of objective functions
which must each be either minimized or maximized. Ho
ever, without loss of generality, it is assumed that all
jective functions are to be minimized. Such multi-object
minimization based on Pareto approach can be condu
using some definitions:
2.1. Definition of Pareto dominance

A vectorU = [u1, u2, . . . , uk] ∈ �k is dominant to vecto
V = [v1, v2, . . . , vk] ∈ �k (denoted byU ≺ V ) if and only
if ∀i ∈ {1,2, . . . , k}, ui � vi ∧ ∃j ∈ {1,2, . . . , k}: uj < vj .
In other words, there is at least oneuj which is smaller than
vj whilst the remainingu’s are either smaller or equal t
correspondingv’s.

2.2. Definition of Pareto optimality

A point X∗ ∈ Ω (Ω is a feasible region in�n satisfying
Eqs. (2) and (3)) is said to be Pareto optimal (minimal) w
respect to allX ∈ Ω if and only if F(X∗) ≺ F(X). Alterna-
tively, it can be readily restated as∀i ∈ {1,2, . . . , k}, ∀X ∈
Ω − {X∗}fi(X

∗) � fi(X) ∧ ∃j ∈ {1,2, . . . , k}: fj (X
∗) <

fj (X). In other words, the solutionX∗ is said to be Paret
optimal (minimal) if no other solution can be found to do
inateX∗ using the definition of Pareto dominance.

2.3. Definition of a Pareto set

For a given MOP, a Pareto setP∗ is a set in the decisio
variable space consisting of all the Pareto optimal vec
P∗ = {X ∈ Ω | �X′ ∈ Ω: F(X′) ≺ F(X)}. In other words,
there is no otherX′ as a vector of decision variables inΩ
that dominates anyX ∈P∗.

2.4. Definition of a Pareto front

For a given MOP, the Pareto frontPF∗ is a set of
vector of objective functions which are obtained using
vectors of decision variables in the Pareto setP∗, that is
PF∗ = {F(X) = (f1(X),f2(X), . . . , fk(X)): X ∈ P∗}. In
other words, the Pareto frontPF∗ is a set of the vectors o
objective functions mapped fromP∗.

Evolutionary algorithms have been widely used for mu
objective optimization because of their natural proper
suited for these types of problems. This is mostly beca
of their parallel or population-based search approach. Th
fore, most of the difficulties and deficiencies within the cl
sical methods in solving multi-objective optimization pro
lems are eliminated. For example, there is no need fo
ther several runs to find all individuals of the Pareto fr
or quantification of the importance of each objective us
numerical weights. In this way, the original non-domina
sorting procedure given by Goldberg [3] was the cata
for several different versions of multi-objective optimiz
tion algorithms [6,7]. However, it is very important that t
genetic diversity within the population be preserved su
ciently. This main issue in MOPs has been addresse
many related research works [19]. Consequently, the pre
ture convergence of MOEAs is prevented and the solut
are directed and distributed along the true Pareto fron
such genetic diversity is well provided. The Pareto-based
proach of NSGA-II [20] has been used recently in a w
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area of engineering MOPs because of its simple yet effic
non-dominance ranking procedure in yielding different le
of Pareto frontiers. However, the crowding approach in s
state-of-the-art MOEA [21] is not efficient as a diversi
preserving operator, particularly in problems with more th
two objective functions. In order to show this issue m
clearly, some basics of NSGA-II are now represented. Fi
illustrates the main procedure of selecting individuals fr
the entire populationRt to construct the next parent pop
lation Rt+1. The entire populationRt is simply the curren
parent populationPt plus its offspring populationQt which
is created from the parent populationPt by using usual ge
netic operators. The selection is based on non-domin
sorting procedure which is used to classify the entire p
ulationRt according to increasing order of dominance [2
Thereafter, the best Pareto fronts from the top of the so
list is transferred to create the new parent populationPt+1
which is half the size of the entire populationRt . There-
fore, it should be noted that all the individuals of a cert
front cannot be accommodated in the new parent pop
tion because of space, as shown in Fig. 1. In order to ch
an exact number of individuals of that particular front
crowded comparison operator is used in NSGA-II to fi
the best solutions to fill the rest of the new parent pop
tion slots. The crowded comparison procedure is base
density estimation of solutions surrounding a particular
lution in a population or front. In this way, the solutions o
Pareto front are first sorted in each objective direction in
ascending order of that objective value. The crowding
tance is then assigned equal to the half of the perimete
the enclosing hyper-box. The sorting procedure is then
peated for other objectives and the overall crowding dista
is calculated as the sum of the crowding distances from
objectives. The less crowded non-dominated individual
that particular Pareto front are then selected to fill the n
parent population. It must be noted that, in atwo-objective
Pareto optimization, if the solutions of a Pareto front
sorted in adecreasingorder of importance to one objectiv
these solutions are then automatically ordered in anincreas-
ing order of importance to the second objective. In ot
words, the hyper-boxes surrounding an individual solu

Fig. 1. Basics of NSGA-II procedure.
remain unchanged in the objective-wise sorting proced
of the crowding distance of NSGA-II in the two-objectiv
Pareto optimization problem. However, in multi-object
Pareto optimization problem with more than two objectiv
such sorting procedure of individuals based on each ob
tive in this algorithm will cause different enclosing hype
boxes. Thus, the overall crowding distance of an individ
computed in this way may not exactly reflect the true m
sure of diversity or crowding property for the multi-objecti
Pareto optimization problems with more than two objectiv

In this work, a new method is presented which mo
fies NSGA-II so that it can be safely used for any num
of objective functions (particularly for more than two o
jectives) in MOPs. The modified MOEA is then used fo
four-objective thermodynamic optimization of subsonic t
bojet engines and the results are compared with those o
original NSGA-II.

3. The ε-elimination diversity algorithm

In theε-elimination diversity approach that is used to
place the crowding distance assignment approach in NS
II [20], all the clones and/orε-similar individuals based o
Euclidean norm of two vectors are recognized and sim
eliminated from the current population. Therefore, ba
on a pre-defined value ofε as the elimination threshol
(ε = 0.001 has been used in this paper) all the indivi
als in a front within this limit of a particular individual ar
eliminated. It should be noted that suchε-similarity must
exist both in the space of objectives and in the space o
associated design variables. This will ensure that very
ferent individuals in the space of design variables hav
ε-similarity in the space of objectives will not be eliminat
from the population. The pseudo-code of theε-elimination
approach is depicted in Fig. 2. Evidently, the clones oε-
similar individuals are replaced from the population with
same number of new randomly generated individuals. Me

Pseudo-code of e-elimination
ε-elim=ε-elimination (pop) //pop includes design variables and

objective functions.
defineε //Define elimination threshold.
getk (k = 1 for the first front) //Front No.
i = l

until i + 1 < pop_size
j = i + 1
until j < pop_size
IF {‖F(X(i),F (X(j))‖ < ε ∧ ‖X(i),X(j)‖ < ε}

F(X(i)),F (X(j)) ∈ PF∗
k

X(i),X(j) ∈ P∗
k

THEN pop= pop\pop(j) //Remove theε-similar individual.
r_new_ind = make_new_random_individual

//Generate new random individual.
pop= pop∪ r_new_ind //Add the newly generated individua

end
end

Fig. 2. Pseudo-code ofε-elimination for preserving genetic diversity.
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while, this will additionally help to explore the search spa
of the given MOP more efficiently.

4. Multi-objective thermodynamic optimization of
turbojet engines with two design variables

4.1. Thermodynamic model of turbojet engines

Turbojet engines use air as the working fluid and prod
thrust based on the variation of kinetic energy of burnt ga
after combustion. The study of the thermodynamic cy
of a turbojet engine involves different thermo-mechan
aspects such as specific thrust, thermal and propulsiv
ficiencies, and thrust-specific fuel consumption. A deta
description of the thermodynamic analysis and equat
[29] of ideal turbojet engines is given in Appendix A. Th
elementary thermodynamic model is sufficient to capture
principles of behaviour and interactions among different
put and output parameters in a multi-objective optimal se
Furthermore, this provides a suitable real-world enginee
benchmark for comparing purpose between MOEA us
the new diversity preserving mechanism of this work w
NSGA-II.

The input parameters involved in such thermodyna
analysis in an ideal turbojet engine given in Appendix A
flight Mach number (M0), input air temperature(T0,K), spe-
cific heat ratio(γ ), heating value of fuel (hPR, kJ·kg−1), exit
burner total temperature (Tt4, K), and compressor pressu
ratio, πc. The output parameters involved in the thermo
namic analysis in the ideal turbojet engine given in App
dix A are, specific thrust, (ST, N·kg−1·s−1), fuel-to-air ratio
(f ), thrust-specific fuel consumption (TSFC, kg·s−1·N−1),
thermal efficiency (ηt ), and propulsive efficiency (ηp). How-
ever, in the multi-objective optimization study, some inp
parameters are already known or assumed as,T0 = 216.6 K,
γ = 1.4, hpr = 48000 kJ·kg−1, andTt4 = 1666 K. The input
flight Mach number 0< M0 � 1 and the compressor pre
sure ratio 1� πc � 40 are considered as design variables
be optimally found based on multi-objective optimization
4 output parameters, namely,ST, TSFC, ηt , andηp.
-

4.2. Two-objective thermodynamic optimization of turbo
engines

In order to investigate the optimal thermodynamic
haviour of subsonic turbojet engines, 5 different sets, e
including two objectives of the output parameters, are c
sidered individually. Such pairs of objectives to be op
mized separately have been chosen as(ηp,TSFC), (ηp,ST),
(ηt ,TSFC), (ηt ,ST), and(ηp, ηt ). Evidently, it can be ob
served thatηp, ηt , andST are maximized whilstTSFC is
minimized in those sets of objective functions. A popu
tion size of 100 has been chosen in all runs with crosso
probabilityPc and mutation probabilityPm as 0.8 and 0.02
respectively.

The results of the two-objective optimizations consid
ing those 5 different combinations of objectives are su
marized in Table 1. Some Pareto fronts of each pair of
objectives have been shown through Figs. 3 and 4 using
the approach of this work and that of NSGA-II. It is cle
from these figures that choosing appropriate values for
decision variables, namely flight Mach number (M0) and
pressure ratio (πc), to obtain a better value of one objecti
would normally cause a worse value of another object
However, if the set of decision variables is selected ba
on each of a Pareto front, it will lead to the best poss
combination of that pair of objectives. In other words, if a
other pair of decision variablesM0 and πc is chosen, the
corresponding values of the particular pair of objectives
locate a point inferior to that Pareto front. The inferior a
in the space of objective functions (plane in these cases
Figs. 3 and 4 are in fact bottom/left sides. A better diver
of results obtained using the approach of this work than th
of NSGA-II can also observed in these figures. Eviden
Figs. 3 and 4 reveal some important and interesting o
mal relationships among the thermodynamic paramete
the ideal thermodynamic cycle of turbojet engines that m
not have been found without a multi-objective optimizat
approach. Such relationships have been called a worthw
task for a designer by Deb in [30]. These figures and the
sociated values of the decision variables and the obje
functions given in Table 1 simply cover all the 4 objectiv
studied in the two-objective Pareto optimization. Howev
other pairs of objective functions in the two-objective Par
optimization together with their associated values of the
Table 1
Values of decision variables and objective functions in various two-objective optimizations

Pairs of objectives in two-objective optimizations

(ηp,TSFC) (ηt ,TSFC) (ηp,ST) (ηt ,ST) (ηp,ηt )

0< ηp � 0.39 0.4 < ηp � 0.55 0.65� ηt � 0.7 0.41< ηp � 0.5 0< ηp < 0.39 0.64� ηt � 0.7 0.4 � ηp � 0.56
2.1� TSFC× 105 3.16� TSFC× 105 2.1 � TSFC× 105 515� ST� 817 906� ST� 1169 890� ST� 1169 0.16� ηt � 0.55

� 2.43 � 6.8 � 2.43

Flight Mach
number (M0)

0< M0 � 1 1 0< M0 � 1 0.85� M0 � 1 0< M0 � 1 0< M0 � 1 1

Pressure ratio
(πc)

πc = 40 1.0 � πc � 8.25 πc = 40 1.2� πc � 4.28 13.5 � πc � 39.3 37.3 � πc � 40 1� πc � 8.78
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Fig. 3. Pareto front of thermal efficiency and specific thrust in 2-objective optimization: (a)ε-elimination approach; (b) NSGA-II.

Fig. 4. Pareto front of propulsive efficiency and thermal efficiency in 2-objective optimization: (a)ε-elimination approach; (b) NSGA-II.
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cision variables have been shown in Table 1. A careful inv
tigation of these Pareto optimization results reveals som
teresting and informative design aspects. It can be obse
that a small value of pressure ratio(πc < 8.7) is required
in large value of Mach number(0.85< M0 < 1) when high
value ofηp is important to the designer(0.4 < ηp < 0.55).
In this case bothSTandTSFCget their worse values (STbe-
comes smaller andTSFCbecomes larger), whilstηt varies
between small and medium values(0.16 < ηt < 0.55) de-
pending on the value of flight Mach number. However, w
high value of pressure ratio(37< πc < 40) in a wide range
of flight Mach number(0< M0 < 1), TSFC, ST, andηt im-
prove whilstηp cannot be better than 0.4. The specific val
of these objectives depend on the exact value of flight M
number which have been given in Table 1. However, s
important and worthwhile information can be simply disco
ered using a four-objective Pareto optimization, which w
be presented in the next section.

Moreover, Figs. 3 and 4 also reveal some important
interesting optimal relationships of such objective functio
in ideal thermodynamic cycle of turbojet engines that m
have not been known without a multi-objective optimizat
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Fig. 5. Thermal efficiency variation with specific thrust in both 4-object
& 2-objective optimisation.

approach. For example, Fig. 3 demonstrates that the op
behaviours ofηt with respect toST can be readily repre
sented by

ηt ∝ (ST)2 (4)

Fig. 4 represents a non-linear optimal relationship ofηt and
ηp in the form of

ηt ∝ (ηp)2 (4)

It should be noted that these relationships, which have b
obtained from the two-objective Pareto optimization resu
are valid when the corresponding two-objective optimizat
of such functions is of importance to the designer and
fact, demonstrates the optimal compromise of such pair
objectives.

4.3. Four-objective thermodynamic optimization of turbo
engines

A multi-objective thermodynamic optimization includin
all four objectives simultaneously can offer more choices
a designer. Moreover, such 4-objective optimization can s
sume all the 2-objective optimization results presented in
previous section. Therefore, in this section, four objectiv
namely,TSFC, ST, ηp, andηt , are chosen for multi-objectiv
optimization in whichST, ηp, andηt are maximized whils
TSFCis minimized simultaneously. A population size of 2
has been chosen with crossover probabilityPc and mutation
probabilityPm as 0.8 and 0.02, respectively.

Fig. 5 depicts the non-dominated individuals in both
objective and previously obtained 2-objective optimizat
in the plane of(ηt − ST). Such non-dominated individu
als in both 4 and 2-objective optimization have alternativ
been shown in the plane of(ηp − ηt ) in Fig. 6. It should be
noted that there is a single set of individuals as a resu
4-objective optimization ofTSFC, ST, ηp, andηt that are
shown in different planes together with the correspond
2-objective optimization results. Therefore, there are so
points in each plane that may dominate others in the s
l

Fig. 6. Propulsive efficiency variation with thermal efficiency in both 4-o
jective & 2-objective optimization.

plane in the case of 4-objective optimization. However, th
individuals are all non-dominated when considering all f
objectives simultaneously. By careful investigation of the
sults of 4-objective optimization in each plane, the Par
fronts of the corresponding two-objective optimization c
now be observed in these figures. It can be readily obse
that the results of such 4-objective optimization include
Pareto fronts of each 2-objective optimization and prov
therefore, more optimal choices for the designer.

The non-dominated individuals obtained in 4-object
optimization demonstrate some interesting behaviour
terms of design variables. Two different parts can be e
ily observed in Figs. 5 and 6. One of these parts wh
is less populated corresponds to high value of pressur
tio (0.4 < ηp < 0.55), unlike the rest of objective function
which all together degrades in their values simultaneou
that is, 3< TSFC× 105 < 6.3, 515< ST< 890, 0.2 < ηt <

0.52. The corresponding values of objectives for the sec
part can be given as, 0< ηp < 0.4, 2< TSFC× 105 < 3,
900< ST < 1169, 0.6 < ηt < 0.71 which can be appro
priately chosen by the designer. Such facts would be
important to the designer to switch from one optimal so
tion to another for achieving different trade-off requireme
of the objectives [30].

Additionally, there are some more profound optimal d
sign relationships among the objective functions and
decision variables which have been discovered by the f
objective thermodynamic Pareto optimization of ideal t
bojet engines. Such important optimal design facts co
not have been found without the multi-objective Pareto
timization. Firstly, Fig. 7 shows the variation of 4 optimiz
objective functionsST, TSFC, ηp, andηt with the pressure
ratio. It can be seen that for pressure ratio less than 14,
objectivesST, TSFC, andηt become worse, unlikeηp which
gradually starts getting better. The slope of such degrada
for ST, TSFC, andηt becomes faster especially inTSFCand
ηt when the pressure ratio becomes smaller than 6. H
ever, for high pressure ratios, the variation of optimal val
of TSFCandηt are small whilst there are a wide range
selections forηp ≈ 0.4. Secondly, Fig. 8 demonstrates t
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Fig. 7. Variation of four objective functions with compression ratio in 4-objective optimization.
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behaviours ofSTandηp with respect to flight Mach numbe
in high pressure ratios. It can be readily seen that the opt
values ofSTchanges linearly withM0, that is

ST= −264.75M0 + 1164.5 (5)

with aR-squared value of 0.999. The optimal relationship
ηp with M0 is non-linear and is represented as

ηp = −0.0977(M0)
2 + 0.491M0 + 0.0013 (6)

with aR-squared value of 0.998.
Therefore, such multi-objective optimization ofST,
TSFC, ηp, andηt provide optimal choices of design var
ables based on Pareto non-dominated points.

Fig. 9 shows the diversity distribution of the non-dom
nated points using both the approach of this work and
of NSGA-II in the case of four-objective optimization. Su
good diversity distribution is essential to reveal the true
timal relationship and Pareto frontiers of objectives and
variables. A careful investigation of 4 objectives’ values c
responding to the single point close to{0.5,15} obtained by
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Fig. 8. Relationships of specific thrust & propulsive efficiency with flight
Mach No. in 4-objective optimization.

Fig. 9. Diversity comparison of design variables between this work and
NSGA-II in 4-objective optimization of a turbojet engine.

NSGA-II reveals that it has been simply replaced by sev
dominant individuals obtained by the approach of this wo

5. Multi-objective thermodynamic optimization of
turbojet engines with three design variables

The same procedure of the Pareto optimization bot
two-objective and four-objective applied in Section 4 h
been repeated in this section considering three design
ables. The turbine inlet temperatureTt4 which has been fixed
to its maximum value of 1666 K in the previous section
now considered as a design variables in addition to the o
two design variables, pressure ratio and flight Mach num
The lower limit of the turbine inlet temperatureTt4 has been
assumed 1400 K. Therefore, the input flight Mach num
0< M0 � 1, the compressor pressure ratio 1� πc � 40, and
the turbine inlet temperature 1400 K< Tt4 < 1666 K are
now considered as 3 design variables to be optimally fo
based on multi-objective optimization of 4 output param
ters, namely,ST, TSFC, ηt , andηp. Fig. 10(a) and (b) show
the comparison of the results of two-objective optimizat
problems both in 2 design and 3 design variables. The
sults clearly show that the optimization procedure finds
best turbine inlet temperatureTt4 as well as those for th
other two decision variables according to the selected
of the objectives. In Fig. 10(a) the best obtainedTt4 cor-
responds to the lower limit of the turbine inlet temperat
as theTSFC is one of the objective functions. In compa
ison with 2-design variables optimization, both propuls
and thermal efficiency (not shown) get better values in
same value ofTSFCwhenTt4 is in its minimum value in-
stead of the fixed maximum value of 1666 K in the case o
design variables. Similarly, the value ofTSFCin the case of
3 design variables is less than that in the case of 2 de
variables at the same values of both propulsive and t
) t
Fig. 10. Comparison graphs of two-objective optimization problems with 2 & 3 design variables: (a) propulsive efficiency vs. thermal efficiency; (bhermal
efficiency vs.TSFC.
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mal efficiencies. Fig. 10(b) shows the improvement of
Pareto optimization of propulsive and thermal efficiencie
the case of 3 design variables whenTt4 finds the minimum
value as its best. It can be easily seen from this figure
the value of each efficiency in the case of 3 design varia
is better than that in the case of 2 design variables.

These three design variables have also been consid
in the case of four-objective Pareto optimization problem
this case, the Pareto optimal solutions correspond to di
ent values ofTt4 including both its lower and upper limi
The Pareto fronts obtained in the case of 3 design varia
have basically the same shapes of those in the case of
sign variables but with a larger area. In fact, the Pareto fr
which have been found in the case of 2 design variables
the fixed value ofTt4 of 1666 K are normally the bound
ary (either as the best or as the worst) of the solutions
3 design variables. Figs. 11 and 12 show this situatio
the case of 3 design variables in the comparison with
corresponding Fig. 8 of the case of 2 design variables.
same linear and non-linear relationships can be readily v

Fig. 11. Graph of specific thrust with flight Mach No. in 4-objective o
timization with 3 design variables (pressure ratio, flight Mach num
turbine inlet temperature).

Fig. 12. Graph of propulsive efficiency with flight Mach No. in 4-object
optimization with 3 design variables (pressure ratio, flight Mach num
turbine inlet temperature).
d

-

fied from these figures. The upper limit of the linear Par
optimal relationship ofSTversus the flight Mach number o
the Fig. 11 corresponds to the one in Fig. 8. It can be s
that the lower limit of that figure has the same linear relati
ship which corresponds to the minimumTt4. However, the
lower limit of the non-linear relationship of the propulsi
efficiency versus the flight Mach number in Fig. 12 cor
sponds to the maximumTt4 which is the same as in Fig. 8
This means that the propulsive efficiency in four-object
optimization can reach higher values with 3 design varia
than that with 2 design variables whenTt4 is fixed in its min-
imum value.

6. Conclusion

A new diversity preserving mechanism called theε-
elimination algorithm has been proposed and success
used with the Pareto approach of MOEAs for thermo
namic cycle optimization of ideal turbojet engines. It h
been shown that the performance of this algorithm is su
rior to that of NSGA-II in terms of diversity and the quali
of Pareto front obtained for both 2-objective and 4-objec
optimization processes. Such multi-objective optimizat
led to the discovering of important relationships and us
optimal design principles in thermodynamic optimization
ideal turbojet engines both in the space of objective funct
and decision variables. The evolutionary multi-objective
timization process has helped to discover important r
tionships with relatively few efforts of modeling preparati
that would otherwise have required at least a very thro
mathematical analysis. If the underlying objective mod
ing becomes more complex (like deviating from the idea
of components behaviour) evolutionary multi-objective o
timization process may even be expected to become the
present-time means of attaining respective solutions.
ther, it has been shown that the results of 4-objective o
mization include those of 2-objective optimization in ter
of Pareto frontiers and provide, consequently, more cho
for optimal design.

Appendix A. Thermodynamic model of ideal turbojet
engine

Assumptions: Inlet diffuser, compressor, turbine and e
nozzle, all operate isentropically.

No pressure loss in the burner.f = (fuel/air) 
 1,
Pe(turbojet exit pressure) = P0(ambient pressure), CP =
1.004 (kJ·kg−1·K−1) T0 = 216.6 K, γ = 1.4, hPR = 48000
kJ·kg−1, Tt4 = 1666 K (in 2 design variables),gc = 1 (kg-
m·(N-s2)−1).

Input parameters: M0, T0 (K), γ , cP (kJ·kg−1·K−1), hPR
(kJ·kg−1), Tt4 (K), πc.

Output parameters: ST = F
ṁ0

(N·kg−1·s−1), TSFC

(kg·s−1·N−1), ηt , ηP .
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Equations:

R = γ − 1

γ
cp (A.1)

a0 = √
γRgcT0 (A.2)

τr = 1+ γ − 1

2
M2

0 (A.3)

τλ = Tt4

T0
(A.4)

τc = (πc)
(γ−1)/γ (A.5)

τt = 1− τr

τλ

(τc − 1) (A.6)

V9

a0
=

√
2

γ − 1

τλ

τrτc

(τrτcτt − 1) (A.7)

ST= F

ṁ0
= a0

gc

(
V9

a0
− M0

)
(A.8)

f = cP T0

hPR
(τλ − τrτc) (A.9)

SFC= f

ST
(A.10)

ηt = 1− 1

τrτc

(A.11)

ηp = 2M0

V9/a0 + M0
(A.12)
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